In this work we argue that black hole evaporation/particle production has a very close analogy to the laboratory process of spontaneous parametric down conversion, when the pump is allowed to deplete. We present an analytical formulation of the recent one-shot decoupling model that was numerically analyzed in Bradler and Adami Phys. Rev. Lett. 116, 101301 (2016) [arXiv:1505]. We compute the resulting "Page Information" curves, which describe the rate at which information escapes form the black hole as it evaporates, for the reduced density matrices for the evaporating black hole internal degrees of freedom, and emitted Hawking radiation pairs entangled across the horizon. The present work reviews and attempts to elucidate the trilinear Hamiltonian models for black hole evaporation/particle production recently investigated by the authors in Class. Quant. Grav 32, 075010 (2015) [arXiv:1408.4491] and Class. Quant. Grav 33, 015005 (2016) [arXiv:1507 
INTRODUCTION
Recently there has been renewed interest in the use of a trilinear Hamiltonian to phenomenologically and explicitly unitarily model the evaporation of quantized internal degrees of freedom (treated as scalar bosons) of a black hole (BH) while commensurately generating Hawking radiation pairs, 1-4 one of which falls inward behind the BH horizon and the other, observed mode that has a thermal distribution, at least for early evolution times. The goal of representing the internal degrees of freedom of the BH as quantized is to be able to study both the evaporation of the BH as well as the effect on the thermality of the emerging Hawking particles. In the work of Nation and Blencowe 1 and Alsing 2 a single Hawking radiation pair mode was considered, that coupled to an internal quantized mode of the BH. Both models reproduced information curves conjectured by Page [5] [6] [7] which predicted that the difference between the von Neumann entropy of an effective thermal density matrix for the outgoing Hawking radiation and the actual entropy, the so-called Page information I = S(ρ thermal ) − S(ρ), would exhibit the following behavior, namely (i) for early evolution times I would be flat and nearly zero, since the BH is essentially un-depleted, and the emitted Hawking radiation has a thermal nature, and (ii) for long times, when the number of emitted Hawking particles is on the order of the remaining number of particle in the BH, I would begin to rise rapidly as the BH evaporates, and the emitted Hawking radiation deviates from a thermal state.
In a recent paper, Bràdler and Adami 3 have expanded upon the work Nation and Blencowe 1 and Alsing 2 and developed a one-shot decoupling model for BH evaporation, in which the quantized modes of the BH are emitted sequentially in time into the out-going and infalling radiation modes * . The authors use the method of lattice paths to compute the von Neumann entropy of the reduced density matrix for the BH and show that its resulting time evolution is again qualitatively similar to that predicted by Page, in which information emerges from the BH at a time when the BH has evaporated to roughly half its initial size (population). The new feature here is the use of a sequence of temporally emitted Hawking radiation modes (vs one) to more realistically model the creation of a train of Hawking pairs, each of which interacts with the BH quantized internal degree of freedom for some finite amount of time before the next subsequent Hawking pair emission event. Such a model conforms to the suspected physical generation process of Hawking radiation as suggested by many past 8, 9 and recent works.
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As discussed by Mathur 10 in his informative, pedagogical introduction to the BH Information Problem, Hawking
For further information send correspondence to P.M.A.: E-mail: paul.alsing@us.af.mil. * A similar, related open-systems model was advocated for in the closing discussion section of Alsing pairs are created in a region of curvature distortion near the BH horizon, and subsequently propagate away from the region of generation, while the BH horizon shrinks in radius. As such, the next generated pair does not interact with the previously generated pairs, and is coherent only with the BH internal degrees of freedom for a time on the order of average time between emission events. This is what the one-shot decoupling model of Brádler and Adami 3 seeks to capture.
The recent work of Alsing and Fanto 4 analytically expand upon the one-shot decoupling model based on the trilinear Hamiltonian of Alsing, 2 and discussed in detail in the next section. The new aspect of that work was the development of analytic approximations for the probabilities to the quantized BH/Hawking radiation state which were subsequently used to generate Page Information curves, [5] [6] [7] without the need for excessive computational resources. Page Information curves describe the temporal process of when information leaks out of the BH, namely when the emitted Hawking radiation deviates from a purely uncorrelated thermal spectrum. As quoted by D. Harlow in his insightful Jerusalem lectures on black holes and quantum information, 11 Andrew Strominger has been argued that "being able to compute the Page curve in some particular theory is what it means to have solved the BH information problem." In the works of Alsing 2 and Alsing and Fanto 4 we further argued that the unitary model presented of combined BH evaporation/Hawking pair production has very close analogies to the laboratory process of spontaneous parametric down conversion (SPDC) 12, 13 with a finite (vs infinite) BH 'pump' source capable of depletion (the focus of Alsing 2 ). In this paper we review the results of Alsing 2 and Alsing and Fanto 4 and clarify the arguments put forth there that BH evaporation/Hawking pair production has very close analogies to the laboratory process of spontaneous parametric down conversion (SPDC).
REVIEW OF TRILINEAR HAMILTONIAN MODEL 2.1 Analytics
In the work by Alsing 2 the evaporating BH hole was modeled by the manifestly unitary process given by the following trilinear Hamiltonian H p,s,ī = r a p a †
where a † p , a p are the creation and annihilation operators for the BH quantized, internal degrees of freedom, and a † s , a s and a † i , aī are the creation and annihilation operators for the outgoing (observed) and in-falling (unobserved, behind the BH horizon) modes of the emitted Hawking radiation. H p,s,ī also models the process of parametric down conversion with a depleted pump source. 14, 15 Following the notation of Alsing 2 we use the subscript notation p to denote the BH 'pump' soruce, and the labels s andī to denote emitted the 'signal' and 'idler' modes respectively. Without loss of generality we take the signal mode s to be the particle and the idler modeī as the anti-particle emitted externally and internally, respectively to the BH horizon. Defining the initial state of the combined system as
where n p0 1 is the initial boson occupation number for the BH. By solving the Schrodinger equation i|ψ(τ ) = H p,s,ī |ψ(τ ) for the state |ψ(τ ) = np0 n=0 c n (τ ) |n p0 − n p |n s |n ī ≡ np0 n=0 c n (τ ) |n p0 − n p |n s,ī in both the short-time (n p0 n, c n (τ ) ≡ c < n (z, τ )) and long-time (n p0 , n 1, c n (τ ) ≡ c > n (z, τ )) one obtains the solutions
In the shorttime limit (n p0 n) the BH 'pump' source is essentially undepleted, and one can factor out the state |n p0 p using the approximation n p0 − n ≈ n p0 , to yield the well studied two-mode squeezed state |φ (sqzd) s,ī form of the emitted Hawking radiation
where
In Alsing 2 the initial number of bosons n p0 in the BH was taken to be finite, though sufficiently large n p0 1 so that without loss of generality all upper limits of summations could safely be taken as infinity (though in numerical computations, a finite value of n p0 was utilized). In Alsing and Fanto 4 we were be especially careful to keep track of the upper limits of all summations, with n p0 large but finite so that Eq.(3) is formally given by
such that
A physical motivation for utilizing the trilinear Hamiltonian Eq.
(1) to model BH evaporation/Hawking pair creation is as follows. The standard approach to modeling Hawking pair creation taken by Hawking and numerous subsequent authors is to treat the gravitation field of an eternal BH (typically taken as Schwarzschild, without loss of generality) as a classical background field, to which a quantized, scalar boson field is coupled. 16 The 12, 13 Here ξ(τ ) represents the classical (i.e. c-number) 'driving field' of the collapsing shell of matter. The single mode squeezed state arises from the coupling of a single quantized scalar boson field to the classical gravitational field. If two bosons were coupled to the field, or a single, complex boson field, the Hamiltonian would be of the form H = 1/2 r ξ(τ ) (a † s a †ī + a s aī) where we have labeled the correlated emitted Hawking pair as a signal and idler mode. Again, the gravitation field shows up as a classical c-number driving field. In quantum optics, such semi-classical models are familiar, where the occupation number of a strong driving pump laser is so large, that for all intent and purposes concerning the subsequent particle statistics, it is eminently reasonable to consider it as a classical c-number field.
12, 13 The next logical step, in order to incorporate the quantum statistics of the pump, is to replace the classical driving field ξ(τ ) by quantized mode a p and a † p . This is the trilinear Hamiltonian Eq.(1) utilized here (and in references [1] [2] [3] ). Since at present, there does not exist a well accepted description of a quantized gravitational field (Schwarzschild, collapsing shell, etc. . . ), this trilinear Hamiltonian, though physically motivated and eminently reasonable, must be taken to be at best phenomenological. It's main advantage is that it manifestly unitary while capturing the essential qualitative features of generating across-the-horizon entangled Hawking radiation pairs, as well as serving as a simple model for BH evaporation.
Numerics
For the dynamical model considered here we plot (Fig.(1) , left) the mean occupations numbern s ,n p of signal and pump particles using the state |ψ out = n c n |n L = n c n |n p0 − n p |n s0 + n s |n ī for the Hamiltonian
For the BH radiation subsystem we take ρ A = ρ s = np0 n=0 |c n | 2 |n s0 + n s n s0 + n|, and set n s0 = 0 for simplicity. We numerically solve Schrodinger equation i|ψ(τ ) = H p,s,ī |ψ(τ ) for quantum amplitude equations c n (τ ) with n p0 = 255 = 2 8 − 1 and take |ψ(0) in = |0 L = |n p0 p |0 s |0 ī, although the behaviors exhibited below are qualitatively similar once n p0 n s0 , involving essentially a change in scale depending on the choice of n p0 . We also plot results vs τ ≡ rt instead of vs. z = tanh 2 τ since the latter tends to compress details for large times (roughly τ > 5, corresponding to z = 0.999818, for n p0 = 255). In the right plot of Fig.(1) we plot the variances ∆n s , ∆n p , wheren s = n n p n ,n p = n (n p0 − n) p n , ∆n
and ∆n
In the left plot Fig.(1) we see the oscillatory behavior of the mean number of signal and pump particles. For τ ≤ 1, (z ≤ 0.58) and even up to times τ ≤ 2, (z ≤ 0.93) we are in the short-time regime wheren p (τ ) ∼ n p0 n s (τ ), and dn s /dτ and dn p /dτ are relatively flat. At τ = 3.49, (z = 0.996) the populations become equal n p (τ ) =n s (τ ). During times 2 ≤ τ ≤ 4.39, (0.93 ≤ z ≤ 0.999434) the BH pump rapidly depletes roughly 80% (a phenomena known in the quantum optics community, see also Bandilla 27 ) of its particles into the signal, with an almost complete reversal of roles population-wise of the pump and the signal at τ = 4.39 where dn p /dτ = 0. Beyond this time the dynamical model is no longer a valid physical representation of BH evaporation since dn p /dτ > 0 corresponds to the situation where the Hawking radiation flows back into the BH. In the right plot of Fig.(1) we observe the variances ∆n s , ∆n p rise rapidly, reaching a peak at τ = 3.49, and their first minimum at τ = 4.39.
A few words are in order to justify the form of our initial state, namely using a Fock state for the BH 'pump' source. Since we consider the initial state of the outgoing radiation field modes (s,ī) to have very small occupation number it is reasonable to model them starting in the Fock state |n s0 s |0 ī. For the case of the BH 'pump' source with a very high initial occupation number n p0 n s0 it might be more appropriate to model its initial state as the classical-like coherent state 28, 29 (appropriate for a laser) |α p = e −|α| 2 /2 ∞ m=0 α m / (m!) |m > p vs. the highly non-classical Fock number state |n p0 p . The later has the property that p n p0 |(a † p + a p )/2|n p0 p = 0, while the former has the property a p |α p = α |α p with α = √ n p0 such that p α|(a † p + a p )/2|α p = Re(α). However, in Alsing 2 we primarily considered the initial BH 'pump' source to be the Fock state |n p0 p both for computational convenience and because it more clearly elucidates the essential features of the BH -outgoing radiation modes (p) − (s,ī) interactions.
However, interesting features do arise when the initial BH state is modeled as the coherent state |α p (with the (s,ī) in the vacuum state |0 s |0 ī), which can then interpreted in terms of the collection of Fock states under the coherent state (Poisson) probability distribution. Consider |ψ(0) in = |α p |0 s |0 ī with the pump in an initial coherent state |α p , with corresponding new quantum amplitude equations for the initial pure state vector
The form of the quantum amplitude equations for c np0,n reveal that for each fixed value of n p0 , with nonnegligible probability distribution under the coherent state |α p , the subspace of states {|n p0 , n L } for n ∈ {0, . . . , n p0 } evolves (as in the above case for a single n p0 ) independently of other subspaces characterized by a different n p0 = n p0 . This leads to evolution curves for each n p0 which oscillate in time at slightly different frequencies. The eventually leads to a 'collapse' phenomena (well studied in the quantum optics community, see e.g. Agarwal 13 ) when all the initially in-phase oscillating curves de-phase after some time (with longer, periodic Poincare' recurrences), withn p reaching a long-time quasi-steady state of roughly 80% of it's initial mean of |α| 2 , andn s correspondingly reaching roughly 20% of |α| 2 . 
As in previous investigations
1, 3, 30 this present work does not directly address the ultimate fate of the information in the BH interior, behind the horizon. However, the work presented here does suggest that the late-time deviations from the conventionally considered Hawking radiation thermal state do contain information that can be used to partially reconstruct the initial state of the BH (see additionally Nation and Blencowe 1 ). Qualitative evidence for this suggested in Fig.( 2)(left) of the numerical simulations of Eq.(10) for the probability distributions p p (n, τ ) of the BH 'pump' state, and p s (n, τ ) the outgoing Hawking radiation, in the computational basis (Fock states). The gray-dashed curve in Fig.( 2)(left) is the initial coherent state probability distribution of the BH 'pump' mode n p withn p (0) = |α| 2 = 35 (the initial distribution p s (n, 0) of the Hawking radiation is a delta function at n = 0). The black-solid curve is the probability distribution p s,ī (n, τ ) of the outgoing/ingoing Hawking radiation modes (s,ī) at time τ ≈ 0.55 when dn p /dτ = 0 and the physical validity of our model ceases. Is is qualitatively very similar to the initial coherent state distribution p p (n, 0) of the BH 'pump' source. Fig.( 2)(right) shows the probability distributions (black-solid) p s (n, τ ) and (black-dashed) p p (n, τ ) at τ = 0.41 when the occupation number of the BH 'pump' source and emitted radiation are equal. The distributions have on average very similar structure except for the oscillations in the probability for low n in the BH 'pump' mode p. These oscillations can be explained as follows. Returning to Fig.(2) (left) the black-dashed curve is probability distribution p p (n, τ ) of the BH 'pump' mode at τ ≈ 0.55. The zeros (and near zeros) in p p (n, τ ) indicate that the BH 'pump' is approximately in a single-mode squeezed state (see Walls 28 ) characterized by the pure state vector |ψ (sq) p = nc 2n |2n p (with oddc 2n+1 ≡ 0). The implication of these results is that, at the limits of the validity of our model, when dn p /dτ = 0, the two-mode squeezed nature of the short-time Hawking radiation is impressed upon the BH 'pump', while the initial coherent state probability distribution of the BH 'pump' is effectively impressed upon the late-time Hawking radiation. If this were the approximate endpoint of the BH evaporation, the initial information of the BH (mode p) has (at least partially) been transferred to the outgoing Hawking radiation (mode s). The results lends credence to negation of assertions (see Lloyd and Preskill 31 and references therein) that the infalling quantum state is cloned (by some supposedly unitary mechanism) in the outgoing radiation, which would violate the linearity of quantum mechanics. 
Page Information Curves
In the first paper, The average entropy of a subsystem, 5 Page considers a random pure state of fixed dimension N = mn selected from the Haar measure, which is proportional to the standard geometric hypersurface volume on the unit sphere S 2mn − 1 which those unit vectors give when the mn-complex-dimensional Hilbert space is viewed as the 2mn-real-dimensional Euclidean space. The integer divisors m, n of N are considered as the dimensions subsystems A and B respectively, taking without loss of generality, m < n. The goal is to compute the average entropy S A = S m,n (with respect to the Haar measure) and the information I m,n = (S A ) max − S A = ln m − S m,n . The end result of this work is the following:
m ≤ n. The conclusion drawn from this work is that for a typical pure state of the composite system, (i) very little of the information, roughly m/(2n) units, are in the correlations within the smaller subsystem A itself, (ii) roughly ln n − ln m + m/(2n) units are in the correlations within the larger subsystem B itself, and (iii) the remaining roughly 2 ln m − m/n units of information are in the correlations between the larger and smaller subsystems. The interpretation of these results is often called Page's Theorem (see Harlow 11 ) which states that as the dimension n = N B of the larger Hilbert space H B becomes very much larger than the dimension m = N A of the smaller subsystem H A , a randomly selected (via the Haar measure) pure state ρ AB on the composite Hilbert space H B ⊗ H B is very close to maximally entangled for N A /N B 1. Equivalently, the reduced density matrix ρ A = T r B [ρ AB ] of the smaller subsystem is nearly maximally mixed. Harlow 11 derives this theorem as
Here
is the L 1 operator trace norm, 32 which defines the distance ||ρ − σ|| 1 between two density matrices ρ and σ.
In the second paper Information in black hole radiation 6 subsystem A of dimension m is taken to be the Hawking radiation of the BH, system B of dimension n. The subsystems A and B are assumed to be correlated via the composite random pure state |ψ AB , such that ) of Hawking radiation from a Schwarzschild BH, and the mutual information (black-dashed) I/(2S0) between the Hawking radiation with a reference system that is initially maximally entangled with the BH but thereafter assumed not to interact significantly with the rest of the universe. S0 = fSBH (0) = f 4πM 
The semiclassical BH entropy is obtained by using the first law of thermodynamics dE = T dS with E = M (in units of G = = c = 1) and T ∼ 1/M the Hawking temperature. This yields
where the tildes indicate coarse-grained entropies, and β =Ṡ rad /(−Ṡ BH ) = 1.4872 yielding the ratio by which the increase of the coarse-grained entropy of the Hawking Radiation (ignoring entanglement with the BH) is greater than the decrease in the coarse-grained Bekenstein-Hawking entropy (S BH (0) = 4πM 2 ) of the BH (see Page  7 ). NowS BH decreases monotonically for 0 < t < t decay whileS rad increases monotonically with time. The two cross at τ
Thus, Page's expression for the von Neumann entropy S (rad) vN of the Hawking radiation is obtained by assuming that S (rad) vN ≈S rad for τ < τ * since for early times the radiation forms the smaller subsystem, and S (rad) vN ≈S BH for τ > τ * when the 'roles are reversed' and the BH becomes the smaller subsystem, as more and more entropy is transferred to the emitted Hawking radiation.
The black-dashed curve in Fig.(3) (right) the mutual information I/(2S 0 ) between the Hawking radiation with a reference system that is assumed initially maximally entangled with the BH but thereafter assumed not to interact significantly with the rest of the universe. 
Page Information Curve from the trilinear Hamiltonian model
To investigate the Page information we follow Page's second paper 6 and Nation and Blencowe 1 and define the information as
where S thermal is the effective thermal distribution ρ thermal (z thermal ) with probability distribution given by p thermal n
. We model the evolution utilizing the initial pure state |ψ(0) in = |α p |0 s |0 ī with the pump in an initial coherent state |α p as discussed above. The importance difference here, over that of the random initial state approach of Page, 5-7 is that we are considering a very definite initial pure state, i.e. a coherent state. Page's choice for a random initial pure state is motivated by the chaotic nature by which the physical black hole is formed in which all information about what formed the BH is seemingly lost, leaving only the BH mass (and angular momentum and charge) to characterize its state. Our motivation for the initial pure state |ψ(0) in = |α p |0 s |0 ī is that the coherent state is in a sense the most 'classical-like' state to describe a macroscopic bosonic state with an enormous occupation number (analogous to a laser), that has well defined quantum properties.
To define the effective dimension of the subsystem ρ s Nation and Blencowe 1 utilized the definition from Popescu et al.
with ρ i,thermal (z thermal ) defined above. Here T r[ρ 2 ] is the purity of the state ρ, andd ef f i is constructed to capture the number of states with non-negligible probability under the its variance.
We will instead utilize the definition
withn i = a † i a i and variances (∆n i ) 2 = out ψ|(n i −n i ) 2 |ψ out . This definition directly measures the number of states with non-negligible probability under the probability distribution. For a Fock state |n we have d ≈ 0 (variance difference of ρ thermal and ρ s ), which we have scaled to its maximum value (black-dashed) to more clearly note its zero crossing. We also plot the scaled difference of the populations ∆n scaled ≡ (n p −n s )/max(n p −n s ) (gray-dashed) to more clearly note the zero-crossing of the approximate variance difference (for largen p ,n s ) of S(ρ p,thermal ) and S(ρ s,thermal ). We also observe a peak in the information I(τ ) at the time when dn p /dτ ceases to be negative. As a means of comparison, in the right plot of Fig.(5) we show the Page information from single period analytic solutions (Eq.(3) and Eq.(4)) of ρ < (z) for z ≤ z * = 0.506407 and ρ > (z) for z > z * . The abrupt turn on of the Page information at z * is a consequence of our utilization of the definition S thermal ≡ S(ρ < ) for all z.
Discussion
The conclusion from these results is that the trilinear Hamiltonian as a simplified (zero-dimensional) model of BH particle production/evaporation does reproduce the Page Information results 6 precisely because it incorporates the non-thermal behavior of the long time Hawking radiation as the BH 'pump' source dynamically transfers populations into the signal and idler modes during evaporation (similar results were also obtained by Nation and Blencowe 1 ). In addition, we conclude that Page's assertion that the information becomes non-negligible essentially around the time the BH has deposited half its population into the Hawking radiationn p =n s can also be interpreted as the time when the variance of the BH particle number becomes equal to the variance of the number of particles in the Hawking radiation ∆n p = ∆n s , under an evaporating BH (with a dynamical BH 'pump'). The widely known results (in the quantum optics community) that under the trilinear Hamiltonian the pump rapidly depletes roughly 80% of its population into the signal and idler modes at dn p /dτ = 0 † would most likely have to be modified in a more complete open-system model (master equation, see Walls and Milburn 28 ) which more carefully models the transport of the Hawking radiation away from the trilinear Hamiltonian interaction region (motivating the following Section). This would lead to a completely evaporated BH withn p = 0 when dn p /dτ = 0 for the very first time (analogous to the single laser pulse 'burst' ).
The salient point of the above simulation is that the short-time behavior utilizing |ψ(0) in = |α p |0 s |0 ī is effectively that of |ψ(0) in = |n p0 p |0 s |0 ī with n p0 = |α| 2 , the Fock number state corresponding to the mean of the coherent state |α p , since for early times all the Fock pump number states under |α p remain approximately in-phase. Hence, the left plot of Fig.(4) for short-times (until the first crossingn s =n p ) and for long-times until dn p /dτ = 0 is nearly identical for both initial conditions, Fock and coherent state of the BH 'pump' source. Again, the dimension of both ρ s and ρ p rises rapidly to a common saturated value ≈ O(n p0 /2), as the variances steadily equilibrate in time. This means that the analytic results of the previous sections using a Fock number state for the initial state of the BH |ψ(0) in = |n p0 p |0 s |0 ī give qualitatively equivalent results when using a more reasonable initial condition utilizing a coherent state pump.
ONE-SHOT DECOUPLING MODEL 3.1 Model motivation and derivation
The work of Brádler and Adami 3 generalizes the process used in Section 2 to the more physically relevant oneshot decoupling state in which over some period ∆τ a Hawking signal/idler pair is generated by the curvature in the vicinity of the instantaneous BH horizon (with radius formally proportional to n p (τ ), the instantaneous BH occupation number), which then travels away from the region of generation, never to interact with the BH again, as discussed in references 9, 10 (and as suggested in the Summary and Discussion (Section 10) of Alsing 2 ). Such a model is physically analogous to spontaneous parametric down conversion (SPDC) in a nonlinear crystal of finite length (as is typical in laboratory experiments) in which the entangled (here) photon pairs are generated inside the crystal (at some random spatial position). Upon exiting the crystal, the signal/idler pair no longer participate in the SPDC process described by the Hamiltonian Eq.(1). Thus the generated signal/idler modes emerge as a temporal sequence of emitted entangled pairs. Brádler and Adami model this using the initial state
where N is an arbitrary number of time slices at which the BH 'pump' mode will subsequently emit signal/idler pairs into modes s k ,ī k for k ∈ 1, . . . , N . The evolution of the state |ψ(0) in Eq. (15) is given by
† And also in steady state, at very long times where the validity of this model for BH particle production/evaporation ceases to be physical sincenp repeatedly passes through regimes of dnp/dτ > 0.
where T is the time-ordered product and in the second equality we have used a simplified version of the Trotter expansion valid for N small time slices of size ∆τ , with τ = N ∆τ , and U p,k = e −iH p,s k ,ī k ∆τ acting on modes p and (s k ,ī k ).
After the first time slice, the wave function is
≡ |n p0 p ⊗ |φ
where |φ indicates the probability that n 1 particles are emitted into the Hawking radiation signal/idler mode when there were initially n p0 particles in the BH 'pump' mode. Henceforth, we shall denote |n i i ≡ |n i si,īi , drop the argument z on the probabilities, and leave implied the unoccupied vacuum signal/idler states |0 s k ,ī k for k greater than the current timeslice considered. From Eq. (8) and Eq.(9) the state |Ψ(1) is clearly normalized to unity.
To illustrate the notation we will employ, it is instructive to write down the wavefunction after the second emission event
The new feature of Eq. (21) is that the second particle has been emitted into the second signal/idler mode with the only dependence upon mode 1 being that the initial number of particles in the BH 'pump' source is now n p0 − n 1 , where n 1 is the number of particles that were emitted into mode 1 during the first emission event (note: n 1 ∈ (1, . . . , N ) ≡ 1 : N ). Again, in the short time limit (i.e. for n 1 , n 2 n p0 ) Eq. (22) indicates that the emitted Hawking radiation is approximately a temporal succession of independent two-mode squeezed states in modes 1 and 2 respectively. Eq.(21) says that when n 1 , n 2 ∼ n p0 the approximate form of Eq. (22) no longer holds. In this later case Eq. (21) indicates that modes 1 and 2 are indirectly entangled with each other through their separate interactions with the BH 'pump' source mode p. The entanglement in the composite state |Ψ(2) in Eq.(21) arises since there are many ways to distribute a fixed number of emitted particles n 1 + n 2 = constant into the two modes 1 and 2 over the N = 2 emission events (for all possible values of n 1 and n 2 allowed by the finite summation limits).
Note that by simply employing a wavefunction |Ψ(2) description of the composite state, we are implicitly assuming a degree of coherency between the pump and the emitted Hawking radiation signal/idler modes, as exhibited in the exact states for |Ψ(1) and |Ψ(2) in Eq. (17) and Eq. (21) respectively. The goal of the one-shot decoupling procedure is to decouple the emitted Hawking radiation modes from the pump at each emission event, while also keeping track of the finite and decreasing nature of the BH quantized degree of freedom n p (τ ) that arises from the finite, though large, initial occupation number n p0
1. In the language of laboratory SPDC, one is making the implicit assumption that the coherency of the BH 'pump' source is shorter than the average time between emission events. We return to a discussion of this point in Section 5.
Since each unitary emission {U p,i } i=1:N acts for a short time ∆τ , we are continually in the short time regime z < z * and each emitted signal/idler Hawking radiation pair is nearly a two-mode squeezed state. However, the occupation number of the BH 'pump' mode is continually decreasing, and it is the effect of this finite nature of the 'pump' source on the total state that we wish to examine for long times (large N ) as the BH evaporates. Consider the wavefunction |Ψ(N ) after N emitted events given by the generalization of Eq. (21) |Ψ(N ) = . . .
where we have defined the unnormalized state |Φ
by the expression in the large square brackets in Eq. (27), and we have pulled the sum over the index j N to the far left, which alters the limits of the remaining inner nested sums. |Ψ (N ) j N describes the emitted Hawking radiation state with exactly j N particles (at the N th time slice) emitted into N possible distinct signal/idler modes, which is in general an entangled superposition state over many Fock states whose occupation numbers sum to exactly j N (generalizing the discussion after Eq. (21)).
Lowest order approximation to |Φ (N )
We now wish to approximate |Φ are negligibly small for all but j i−1 ∼ n p0 . Even for j i−1 = n p0 the factor only contributes a (1 − z) −1/2 ≈ 1 + z/2 for z 1, the case we will consider in this work (i.e. weak two-mode squeezed states). Note the case j i−1 = n p0 corresponds to all n p0 particles of the BH emitted in a single burst at time τ i = i ∆τ into mode (s i ,ī i ), which constitutes a very low probability event for early times, but not necessarily so for longer times. Thus, to lowest order, we approximate all the summands by unity for all modes i = 1 :
with
where the binomial factor in Eq. (30) counts the number states containing exactly j N Hawking radiation particles into N signal/idler modes, i.e. the selection of j N + N − 1 objects taken j N at a time with repetitions. We can also intuitively understand the nested sum in Eq. (29) over the dummy indices
as the number of lattice points in the 'upper diagonal' quadrant (including the diagonal) of a N − 1 dimension hypercube with j N + 1 lattices points (0, 1, . . . , j N ) per dimension.
We normalize the state as
As an example
= (|2, 0, 0, 0 + |0, 2, 0, 0 + |0, 0, 2, 0 + |0, 0, 0, 2 + |1, 1, 0, 0
with number of component states
Upon replacing j N → k (to simplify notation) as the total number of Hawking radiation particles emitted into N signal/idler modes, we obtain
where in the last line Eq.(35), the approximation n p0 j i = i m=0 n m for all i employed in Eq.(34), which occurs at early evolution times, yields an approximate form for the composite state |Ψ(N ) in which the emitted Hawking radiation signal/idler field modes are in a product of N squeezed states. However, for finite n p0 there will be some evolution time after which some (if not many) of the j i are a significant fraction of n p0 and the factorization that was utilized in Eq.(35) is not applicable in Eq.(33) for |Ψ(N ) . Eq.(33) with probability P (N ) k is one of the primary analytic result of this paper, and leads (in the next section) to entropy curves proposed by Page, and discussed in Blencowe and Nation 1 and Alsing 2 and Alsing and Fanto, 4 and examined numerically for this current one-shot decoupling model in Brádler and Adami.
3 Note that in the limit n p0 → ∞ we have
(N ) k = 1 using the identity
It is informative to compare the above state of the emitted Hawking radiation with the separable product of N two-mode squeezed states.
The product of N squeezed states
(where |n i i ≡ |n i si |n i ī i ) can be written (using Eq. (33)) as 
|Φ
(N ) k s,ī = δ k ,k and p n p0 − k |n p0 − k p = δ k ,k respectively, which yields the diagonal, reduced density matrices
with non-unit probabilities P
given by Eq. (33) . Thus, the underlying origin of the probabilities P (N ) k arises from the one-shot decoupling of the sequence of separately emitted Hawking signal/idler modes, which are however, each separately coupled to the BH 'pump' mode at each time step N . This is in agreement with physical approaches to BH particle production advocated in previous work.
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It is also interesting to note that the form of the probabilities P (N ) k given by Eq. (33) are reminiscent of the initially seeded signal states considered by both Alsing 2 and Adami and Ver Steeg. 30 That is, if instead of using the initial signal/idler vacuum state |0 s,ī = |0 s |0 ī, one considers the state with n s0 initial particles in the signal mode |ψ(0) = |n p0 p |n s0 s |0 ī one would obtain in the short time limit z < z *
which is of the same form asP 
NUMERICAL RESULTS AND FINER APPROXIMATIONS TO THE PROBABILITIES

Probabilities and entropy curves
In Figure Fig.(6) we plot plot the probabilities P (N ) k (z) using z = 0.1 for various values of j N ≡ k, the collective number of particles emitted in all the signal/idler modes at iteration N .
In Fig.(7) we plot the von Neumann entropy S (N ) The utilization of the logarithms base n p0 + 1 is to ensure that the von Neumann entropies remain less than unity, for comparison. The entropy curves in Fig.(7) have the characteristic features of (i) an initial value of zero, appropriate for an initial product state at N = 0, (ii) a rise to a peak value less than unity, and (iii) a tapering off towards zero for long-times (large N ).
An examination of the probabilities P (N ) k for various values of N reveals 4 that they are peaked near k = 0 for early times, when few Hawking particles are in the signal/idler modes and the state is essentially a separable product of squeezed states with the BH 'pump' mode occupation number near its initial value of n p0 . As time, i.e. N , evolves this peak moves steadily from low values of k to high values of k, and for long times clusters about k = n p0 , where the BH has essentially evaporated. In this longtime regime, we would expect BH 'pump' to be in the state |n p0 − k ≈ 0 p with the emitted signal/idler field approximately in the state |Φ (N ) k≈np0 , i.e. again, an approximate product state for |Ψ(N ) . As such, we would expect the entropy curves for longtimes to again be zero. We address this in the next section by further approximating the probabilities P (N ) k .
Finer approximations to the probabilities
We desire to further approximate the unnormalized state |Φ (N ) j N defined by the expression in the large square brackets in Eq. (27) . In particular, in the previous section we had approximated the terms (1 − z np0−ji−1+1 )
by unity. Recalling that j 0 = 0, we can factor out from all the nested sum an overall constant term (1 − z np0+1 ) −1/2 → 1 for z 1 and any reasonable sized value of n p0 . The remaining factors have to be summed from j i−1 = j i−2 : j N ≡ k, in succession (indicating a time ordering) from the inner summations, outwards. These complicated nested sums are what led to the numerical lattice-path approach of Brádler and Adami. Here, we make the simplified, but reasonable approximation that (1 − z np0−ji−1+1 ) −1/2 , is dominated by its largest contribution j i−1 = k from the upper limit of the summation, yielding (1 − z np0−k+1 ) −1/2 which can then be factored out of all the nested summations, except the outermost one over k itstelf. Since there are N − 1 summations at time N we obtain the slightly refined approximation to the probabilities
Eq.(38) constitutes the second primary analytical result of this present work. The effect of the extra factor (
can be seen by replacing it with (1 − z np0−k+1 ) min(N −1,imax−1) and varying the value of i max ≤ N . The value of i max sets how many terms (1 − z np0−ji−1+1 ) −1/2 in the N − 1 nested sums in Eq.(27) that we do not approximate as unity. This is shown in Fig.(8) for the cases of n p0 = 10 (left) and n p0 = 25 (right). These figures show how the additional factors of (1
brings down the tail of entropy distribution S to zero for longtimes, while leaving the short time (small N ) portion of S essentially unaltered. The curves in Fig.(8) are reminiscent of the similar curves displayed numerically generated in Brádler and Adami. 
Page Information
To investigate how the information emerges from the BH as it evaporates, the Page information, we follow Page's 1993 paper Page 6 (and Nation and Blencowe 1 and Alsing 2 ) and, as discussed above, define the information I as
Here S thermal is the effective thermal distribution ρ thermal (z thermal ) with probability distribution given by p thermal n
Lastly, from Eq.(5), the (squeezing) rapidity z is defined as z = tanh 2 (τ ) with τ = √ n p0 r t. Taking t N = N ∆t = N/N max for N = 1 : N max we utilize (with r ≡ 1) z = tanh 2 tanh −1 (z max ) tanh( √ n p0 N/N zmax ) with 0 < z max < 1, where N zmax ≤ N max determines a controllable build-up time from z = 0 to z = z max . Since each unitary {U p,i }| i=1:N acts over a small time, we allow the rapidity to gradually build up from z = 0 : z max 1, assuming weak squeezing in the emitted Hawking signal/idler radiation pairs by the BH. (Note: similar curves are obtained by simply setting z = z max for all N ).
In Fig.(9) we show plots of the entropy S (black, solid), effective S thermal (gray, solid), Page Information I = S thermal − S (black, dashed) and total number of emitted Hawking particles in signal/idler modesn s,ī /n p0 vs time N for n p0 = 25 using probabilities (left) P (N ) k in Eq. (33) , and (right) P (N ) k in Eq.(38). Entropies are computed with log np0+1 so that all graphs have maximum value of unity, for comparison. Both curves show that for early times (small N ) S ≈ S thermal so that the Page information I is flat with very small slope. As time progresses, I begins to grow, asn s,ī rapidly increases, and the BH begins to evaporate. Forn s,ī /n p0 > 1/2 there are fewer particles in the BH 'pump' mode than have been emitted into all the Hawking radiation signal/idler modes and S begins to decrease. Using P In Fig.(10) we show the similar entropy and information curves for n p0 = 100, where the initial flatness of the information I for early evolution times is more pronounced. Fig.(3) plots the mutual information between the Hawking radiation and a reference Fig.(11)(b) shows essentially the same set up as in Fig.(11) (a) except for one crucial difference: the initial laser excitation source is driven by a power source of limited energy, here illustrated as a battery. Again the BH formation fills up the storage cavity, but now with a large but finite number n p0 of quantized particles which can still drive the SPDC Hawking radiation production process. In this later case, the storage cavity will eventually deplete itself (e.g. finite battery life). The signal/idler pairs will still be produced as essentially squeezed states at each SPDC excitation, with each emitted pair entangled with the BH 'pump' source at the given time step N before it subsequently propagates away from pair creation interaction region. The analogy of the non-linear crystal responsible for the SPDC generation of Hawking signal/idler pairs is the curvature distortion near the BH horizon, as discussed in references.
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By simply writing down a pure state wavefunction |Ψ(N ) in Eq.(28) to describe our quantum state, one has implicitly assumed some level of coherency of the pump source which in turns affects the level of entanglement of the emitted signal/idler particles with the BH 'pump' particles, which without loss of generality, and for comparison with our laser SPDC analogy, we treat in this discussion as photons. Consider first a pump laser source of infinite coherence length C N ∼ c/∆ω p . Here, ∆ω p is the bandwidth of BH 'pump' photons is considered very narrow, ∆ω p ω p . Consequently, all signal/idler SPDC pairs generated are coherent with the pump simultaneously, and therefore, indirectly with each other, causing various degrees of entanglement as explored by Alsing.
2 This is the case considered by Nation and Blencowe 1 and Alsing, 2 which can also be equivalently considered as having the non-linear material/curvature distortion occurring within the storage cavity. As the coherence length of the BH pump photons decreases (∆ω p increases) fewer and fewer SPDC generated pairs are coherent with the pump, and hence indirectly with each other. If the coherence length of the pump photons is less than the average time ∆τ (∆N = 1 in our model) for SPDC signal/idler pair generation each generated SPDC signal/idler pair is only coherent with the BH 'pump' until the next pair is generated. This is the one-shot decoupling model of Bradler and Adami, 3 and explored analytically in Alsing and Fanto. 4 As discussed earlier, this model is commensurate with physical models for Hawking radiation production [8] [9] [10] in which the curvature distortion at the BH horizon (of shrinking radius) creates the signal/idler pairs, which then propagate away from the region of generation, since the BH horizon decreases, shifting the region of curvature distortion for subsequent pair production events. Entanglement in the composite BH/emitted radiation state arises from the uncertainty of how the finite number of particles initially in the BH 'pump' source can redistribute themselves in to all the emitted Hawking temporal (s,ī) radiation modes, assuming a small, but non-zero, coherence time between the BH and the emitted modes.
As evidenced by the finer approximation utilized in the previous section to produce the probabilities P Eq.(28) describe the detailed probability structure of the total BH/Hawking radiation state |Ψ(N ) . Hence, further refinements than simply considering their maximum contribution from j i = k are warranted, yet difficult to implement analytically due to the large number of temporally ordered nested sums. Thus, it appears that some blend of an analytical approach detailed here, coupled with a numerical approach, as advocated by the lattice path method Brádler and Adami 3 might prove fruitful in gaining further physical insight the nature of the one-shot decoupling bipartite state |Ψ(N ) , and subsequently the detailed nature of the Page information of the Hawking radiation from an evaporating BH.
Considering extensions of this present work, we note that our model utilized a monochromatic, single frequency BH 'pump' source to drive the signal/idler generation i.e. a delta function frequency distribution for the pump. A more general model, which might encapsulate a more realistic physical scenario, would be to model the BH 'pump' source not as a single frequency, but as a collection of frequencies over some bandwidth, i.e. a pulse source. Our model also described the emitted Hawking radiation signal/idler pairs as single frequency modes, which is analogous to a long non-linear crystal with strict phase matching conditions. 12, 13 A more general model could incorporate a frequency bandwidth for the emitted Hawking radiation signal/idler pairs, similar to a shorter non-linear crystal with a less restrictive phase matching condition.
